The aim of this paper is to deal with the optimal choice between extraction and storage of crude oil during time under a large panel of constraints for a fixed maturity T. We consider a manager that owns an oil field from which he can extract oil and decide to sell or to store it. This operational strategy has to be done in continuous time and has to satisfy physical, operational and financial constraints such as: storage capacity, crude oil spot price volatility, amount quantity available for possible extraction or the maximum amount which could be invested at time t for the extraction choice. We solve the optimisation problem of the manager's profit under this large panel of constraints and provide an optimal strategy. We then deal with different numerical scenario cases to check the robustness and the corresponding optimal strategies given by our model.
Introduction
Financial investors represent 80% of the total stakeholders in commodity markets, the most important commodity is the crude oil leading to grant more consideration to its prices than those of other commodities (see, Gao and Suss, 2015) . The attention to crude oil price has been grownup since the end of 1990s when different financial crisis and events have been occurred leading to boom or bust in international trade and as consequence proving the characteristic of high volatility of oil prices (e.g., Jones and Kaul, 1996; Sadorsky, 1999; Chiou and Lee, 2009; Filis et al., 2011) . Therefore, the question of oil extraction has been the subject of serious consideration from both finance practitioners and academicians.
The study of non-renewable resource extraction started with the work of Hotelling (1931) who exposed a general equilibrium models including the uncertainty in the technology and the size of the resources. However, the analysis of the case where this uncertainty is dynamic has a shorter history in the non-renewable resource literature and started with Tourinho (1979) . In this article, the author studied for the first time the valuation of resources in the context of a real option, using the Black and Scholes model. We notice that in practice, the resource producer should compute the expected value of future resource extraction to decide the optimal present extraction. The first application of the optimal stopping problem to finance appeared in Bensoussan (1984) .
The literature has also focused on the computational aspects of the problem and numerous analytical approximations and numerical methods were proposed. For most option pricing problems, three numerical methods are available: finite difference, lattices, and Monte Carlo process. Using lower and upper bound estimates, the algorithm of Glasserman (2003) deal with high-dimensional American options, but the computational effort still grows exponentially with the number of possible exercise dates (see Jaillet et al., 2004; Meinshausen and Hambly, 2004 and Carmona and Touzi, 2008) . To satisfy the processing limitations of the facility, Huseby and Haavardsson (2009) claims that the production needs to be shocked considering the problem of production optimisation for oil and gas production. This framework allows to provide optimal production strategies with respect to various types of objective functions. Consequently, at any specified point of time the production is scaled down by suitable shock factors and production should not exceed the processing capacity. Alexandrov et al. (2012) proposed a Monte Carlo real option approach as a solution to the optimisation problem of a price-taker oil producer. Their method permits to discuss the effect of interest rates, size of reserves, risk aversion, expectations on the price of oil, and oil reserves. The results showed that uncertainty in the size of reserves explains why full extraction is optimal. Even this uncertainty has been shrinking with time for mature producers, full extraction still remains optimal since countries and companies' borrowing conditions are worsened by pro-cyclical extraction policies.
In this paper, we deal with the optimal choice between extraction and storage of crude oil during time. An oil producer decides of the proportions of extracted oil he would like to sell and to store. This optimal operational strategy should be done in continuous time each day and with respect to physical, operational and financial constraints such as: storage capacity, crude oil spot price, total quantity available for possible extraction or the maximum amount which could be invested at time t for the extraction choice. We solve this optimisation problem and find the optimal strategy. We finally provide numerical results for different scenario cases to check the robustness and the correspond solution of the optimal strategy.
The rest of the paper is organised as follows. In Section 2 we present the model and the allowed strategies. In Section 3, we present the solution to the optimisation problem. Finally, Section 4 is devoted to numerical applications.
The model

Strategies of management for an oil exploitation
Let ( , , , ) P    be a complete filtered probability space and > 0 T be a fixed terminal time horizon. We suppose that  is complete and right-continuous. We let B be a onedimensional  -Brownian motion. We consider in this paper the point of view of a manager who owns an oil extraction station.
We suppose that the oil price process on the market is given by
where  and  are two given constants with > 0  . The manager can extract oil from his station to sell or to store it. We then denote by 
The total stored quantity is a physical value and hence must be nonnegative:
The manager cannot sell on the market at time t a quantity by unit of time which was stored previously higher than an operational bound M :
The bound M in condition (C4) means that even if we have an important number of barrels available in our stock we cannot sell from the stock more than a fixed quantity M by unit of time of barrel. This condition has a real economic interpretation since it could be not physically possible to sell more than a quantity M on the market. Moreover, this constraint can be seen as a liquidity constraint. If we denote by  the set of admissible strategies we then have
implies that the quantity of oil in the stock is nonnegative.
Payoff and cost function
The dynamic benefit by unit of time which comes from the selling of oil at time t is given by
To extract oil from the exploitation, the manager has to pay a cost of extraction per unit of barrels and time that we suppose to be constant and denoted by 1 K . Moreover, the oil storing is expensive. Moreover, the manager has to pay a cost per unit of time and per barrel to store oil. We suppose this one is constant and denote it by 2 K . The dynamic cost of a management strategy by unit of time is then given by
where 2 s t K Q represents the cost of storage which is assumed to be proportional of s t Q (i.e. the total quantity stored and so available at time t). The dynamic reward process of the manager is then given at time
At maturity time T, there is also a residual benefit due to the value of our stock given by = .
Then the program of the manager is to compute his maximal expected wealth 0 V at maturity T given by:
and to find a strategy ,
s vs
The optimisation problem
Solution to the manager's program
From the definition of the dynamic reward process  
Therefore, the manager optimisation problem turns to be
We now introduce the couple process * * ( , )
and
where   is  -a.s. solution to the optimisation problem
under the constraint
We first check that such a process exists.
Lemma 3.1 There exists an  -adapted process   that solves  -a.s. the optimisation problem (12)-(13).
Proof.
Step 1. We first prove that there exists a process solution to the optimisation problem. We consider a sequence
for all
weakly, up to a subsequence, to some   . From this weak convergence, we deduce that
Moreover, using Komlos Theorem, we get that   is valued in [0, ] M , which gives the optimaly of   .
Step 2. We now prove that
The constraint (13) being linear, it is also satisfied by    , and    is optimal and  -adapted. We now provide the optimal value 0 V and an optimal strategy. 
From the integration by part formula, we have
Taking the expectation of (16), removing the martingale term, gives
We now study the last term of (17),
Plugging (18) in (17), we obtain 
we finally obtain after a straightforward computation
and then the expected result.
  is an optimal strategy.
We have to maximise the expression
We then look for a solution to the pointless problem
under the constraint (21). We easily check that a solution to this problem will be optimal for the original one. We solve this problem on each of the sets
We first notice that on the set
Then, on the set   is an optimal strategy.
Remark 3.2 We can observe that the optimal strategy given by (10) and (11) depends both on
 the time to maturity T t  ,  the price of oil v t p and in particular the trend parameter  ,  the cost of storage 2 K .
Economic interpretations of the optimal strategy
If we come back to the financial and economical interpretations of the control variables we get that
. This means that we don't sell anything of our stock and stock all the quantity we extracted at current time t . This strategy is a 100% storage. We will only sell all at maturity time T .
 , until it is always possible to do it. This means with respect to the optimisation problem (12) under the constraint (13). So, we sell all our available and possible stock. We don't store anything of what we extract at current time t . We sell all the quantity extracted today. This strategy is a 100% selling.
The values of the optimal strategy and the function
depend strongly to the value of  and the cost of storage 2 K . If  is close to zero, which is our case in estimated market data, then the function f increases quickly as soon as the cost of storage increases.
Numerical applications
The data are given by the daily WTI oil prices taken from 01 January 2015 to 31/12/2016. Over the decades, the price of crude oil has fluctuated considerably, especially during periods of global crises (1973; 1979 or 2008 or economic developments (2014) (2015) . Their level is a determining factor in the global economy, given the dominant role that oil will continue to play in the coming decades. Figure 1 shows that, while oil prices were relatively stable between 2011 and the first half of 2014, crude oil prices fell sharply by nearly 50% in 2014 and have decreased reaching the record of $45.88 per barrel in May 2007. This decline is mainly due to the combination of three main factors:
 The weakening of demand for oil because of the economic downturn in response to geopolitical turmoil and the military conflict in the oil production areas (Irak, Lybia).
 World oil production has increased sharply since 2014, mainly due to the production of shale oil in the United States ;
 OPEC (Organization of Petroleum Exporting Countries) 1 has chosen not to intervene on oil prices while maintaining its production target unchanged. Figure 2 shows an exceptional volatility of the crude oil prices return during the financial world crisis (2008) (2009) and during the last two years which has led to an increase in uncertainty in the world economy as well as of financial market. Actually, the part of this fluctuation of the WTI crude oil is the result of the report published by the US agency AP (Associated Press) which indicates that the American tanks used to store oil have been practically full for several weeks. Thus, the country arrives to sell all it produced or imported. Moreover, over the past seven weeks, the United States has produced and imported an average of one million barrels of oil per day than it consumes. Stored mainly at Cushing in Oklahoma, the amount of available crude oil has reached a level not seen in 80 years, said the US Department of Energy. So, the US even fear the "tank tops", the limit where more a drop of oil cannot be stored. As a result, prices in the markets fall sharply and they will continue to decline during the coming months. Therefore, these points confirm the interest of an optimisation strategy between storage and selling of crude oil. The estimated price parameters for our data set are = 0.014  and = 0.31 
Optimal strategy
If we look to our optimal strategy with our estimated parameters: = 0.014  We don't sell anything of our stock and stock all the possible quantity we extracted at current time t . This strategy is a 100% storage. We will only sell all at maturity time T where we expect to have the highest price.
Cumulative distribution function (CDF)
We can see in Figure 5 the corresponding Cumulative Distribution Function (CDF) in a case of a positive drift > 0  . We recall that in this case the optimal strategy is to store all and sell all at maturity T . Indeed, if the oil price is increasing, it is better to store and sell all at maturity T because I will sell all the production at a better price. We can see in Figure 6 the corresponding Cumulative Distribution Function (CDF) in a case of a negative drift < 0  (namely null). We recall that in this case the optimal strategy is to sell all. I would prefer to sell all at the current price because if I wait, the price will be lower. 
Impacts of storage costs
We recall that the cost of storage is given by parameter 2 K . The Figure 7 gives the benefit curve obtained by our optimal investment strategy for different values of storage costs 2 [0, 1] K  and trend parameter [ 0.3, 0.3]    .
Figure 7 Optimal investment benefit
The effect of the cost of storage 2 K is very high when drift parameter  is negative.
Indeed, in this case, we have seen that our optimal strategy is to store all and sell all only at maturity T . It means that higher is the storage cost less is our final benefit since we will store all our extraction until maturity time T . Thus higher is the cost of storage higher is its impact on our final benefit.
In the case of a positive drift parameter  (i.e. the market price tends to increase during time) or a zero mean, then the cost of storage has no impact on our profit. Indeed, our optimal strategy is in this case to sell all at all time [0, ] t T  . This means that we never store something. It implies that the cost of storage cannot have an impact on our final optimal benefit.
Conclusion
Crude oil price instabilities represent a systematic asset price risk that induces a significant reaction of real economies. The reaction of real stock prices to the increase (decrease) in oil prices is attributed accordingly to the direct effects of this increase (decrease) in terms of cash flows and inflation. Crude oil prices fluctuations can influence significantly the supply and demand for output and therefore decrease the firm performance through their effect on the discount rate for cash flows. In this work, we deal with the optimal choice between extraction and storage of crude oil during time. An oil producer should decide of the proportion of oil extracted he would like to sell and the proportion he would like to store. This optimal operational strategy should be done in continuous each day and with respect to physical, operational and financial constraints such as: storage capacity, crude oil spot price, total quantity available for possible extraction or the maximum amount which could be invested at time t for the extraction choice. In this paper, we solve this optimisation problem and find the optimal strategy. We show that our optimal strategy depends on the fact that current oil price is less or great than a Net value depending on time to maturity T t  , the cost of storage 2 K and the trend parameter  of the price of oil v t p . In one case, we don't store anything and sell all possible extracted quantity. In other one, we store all and sell all at maturity T .
